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Abstract—We examine the resilience prediction accuracy of
differential centrality and spectral graph measurements, applied
to a power systems line-graph based model (LGBM). We test
LGBM robustness and related metrics using IEEE test cases.
We consider predictive resilience for the LGBM of different
IEEE systems. and analyze the accuracy of Sum of Flow
Robustness when facing Degree-based attacks (SFRD) and we
introduce the Sum of Flow Robustness facing Eigenvalue-based
attacks (SFRE). Results show that number of links, average path
length, and radius, provide accurate predictions for resilience.
We use the weighted networks based on admittance matrix
(electrical characteristics) to predict the resilience based on BBM
and LGBM. Results show that clustering coefficient, provides
accurate predictions for resilience in BBM weighted network, and
average path length provides accurate predictions for resilience
in LGBM weighted network.

Keywords—Power systems robustness, line graphs, transmis-
sion lines resilience, complex networks.

I. INTRODUCTION

In recent years, the study of power systems robustness

against events such as failures that can damage network in-

tegrity, has received increased interest [1], [2]. Various models

have been applied to assess the vulnerability of the power grid

and its resilience against such events. For example, Carreras,

and Lynch [3] employed a tree-structured power grid model to

investigate the strength of a power network against attack. This

model also identified phase changes, transitions and critical

points in the transmission network. Complex network and

graph theories are often applied to power grids, particularly

for assessment of robustness, risk and vulnerability against

failures [4]–[8]. Several reviews have attempted to quantify

the robustness of power systems graphs against focused or

targeted attacks and arbitrary failures [10]–[12]. To measure

the centrality of graph nodes, these reviews analyze variation

in node degree, node betweeness, and node proximity. These

graph-based metrics have then been used as determinants for

graph-based robustness against targeted attacks to nodes. In

addition to adding an arrangement of connections/links to a

given graph, these measurements have further been presented

as target capacities for optimum graph robustness. Across

the literature [13]-[18], findings demonstrate that when facing

targeted attacks, graphs enhanced with balancing degrees are

less vulnerable than are those with balanced betweeness and

closeness centralities. Considering algebraic connectivity, find-

ings indicate that ‘network resilience’ is a more appropriate

descriptor [13], [14]. Other spectral graph metrics commonly

employed to determine network robustness are effective graph

resistance and network criticality; the first is against node or

link removals, and the second against topological variations

[12], [15] The above studies focus on bus-based models of

power systems [16]–[18], however, they do not pay attention

to transmission lines. Considering this gap in the research, we

proposed a line-graph based model (LGBM) in our previous

work [35] to assess the vulnerability of power systems as

part of complex network theory. For each LGBM, IEEE test

cases were used to obtain graph properties and robustness

metrics. Then, to estimate connectivity following centrality-

based node attacks . One of these measures, sum of flow

robustness, quantifies the reliable flows remaining after the

attack. In this research we introduced Sum of Flow Robustness

based on Eigenvalue centrality (SFRE) resilience metrics and

compare the results with Sum of Flow Robustness based

on degree centrality (SFRD) that introduced in [12] . Using

the Sum of Flow Robustness obtained after each attack on

different IEEE test cases, we inspected the accuracy of each

metric to predict resilience against centrality-based attacks.

In this work we identified the best predictor metrics for the

LGBM networks problems, computed and compared graph

metrics of the weight networks where the weights are based on

electrical characteristics. This paper is organized as follows: In

Section II we examine a mathematical LGBM for robustness.

In Section III, computing the graph theoretic for BBM and

LGBM . In Section IV, we predict the resilience of BBM and

LGBM for unweighted networks based on SFRD and SFRE.

In section V we reproduce section VI to predict the resilience

based on weighted networks for Bus Based Model BBM and

Line Graph Based Model LGBM based on SFRD and SFRE .

Finally, in Section VI we provide a summary of our findings

.

II. LINE GRAPH BASED MODEL FOR ROBUSTNESS

A. Review of electrical Flow equation[34]

The function of a power system can be described by its

admittance matrix Y , power-generation data, power consump-

tion, and device capacity. The Y matrix of the grid governs
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the power flow in the system, and it depends on the topology

of the network. The power network dynamics are governed by

following the network equations [36][37]:

I = YbusV, (1)

where Ybus is the m×m admittance matrix, I is the vector of

injected currents in each node , Vbus is the vector of complex

bus voltages, and Y L representing admittance of busses to

ground.

The matrix can be further divided into two parts, Y rep-

resenting the matrix of admittance between busses and Y L

representing admittance of busses to ground as shows :

I = (Y + Y L)V. (2)

The off-diagonal elements of Y is equal to the negative of

the admittance between the nodes. It is known as the mutual

admittance or transfer admittance, i.e.,

Y = G+ jB ∈ R
m×m (3)

:

{
Yii =

∑n
k=1 ȳik

Yik = Yki = −ȳik

for k=i,

for k�=i.
(4)

where G is the conductance matrix, B is the susceptance

matrix, and ȳik is the admittance for the transmission line

l(i, j) between buses i and j. Assuming that the system has

m busses and n transmission lines connecting those buses, the

admittance matrix Y is of size m ×m and is determined by

the topology and the electrical characteristics of transmission

lines. Each transmission line l(i, j), has a line impedance

corresponding to z(l) = r(l)+jx(l), in which r(l) is resistance

and x(l) reactance. Line admittance can be calculated from the

inverse of the impedance, as shown in the following:

y(l) =
1

z(l)
= g(l) + jb(l). (5)

In power networks, reactance often dominates resistance,

and typically b(l) >> g(l). Considering current of 1 per unit

flowing through the transmission line l(i, j), deviation of the

voltage between extremes of the transmission line is Δv =
V (i)− V (j) = z(l), or equivalently, Δv = 1/y(l)[34].

Hence, link impedance can be understood as a measure of

electrical distance or separation between busses, and admit-

tance measures y(l), as a measure of coupling between busses.

Using(1), and (3),the complex power injected in to bus S̄bus

is given by the following : [34]

S̄i = Pi + jQi = ViI
∗
i ,

S̄k = Vi(

Nb∑
k=1,k �=i

YikVk)
∗ + y∗Lii ViV

∗
i .

B. Review of Graph theoritical description[35]

This section reviews facts from graph theory that are well

known and are summarized here from [35]. A graph G(V,E)
has a set of nodes V and a set of links or edges E. A rather

complete description of the graph is in terms of the so called

incidence matrix [7], which is m × n matrix C. Here we

use the unoriented version which works well for undirected

graphs. It is defined as

C :

{
cil = 1 if link l is incident on node i in G,

cil = 0 otherwise.
(6)

Here C is an m × n matrix with m being the number of

nodes and n is the number of edges. The oriented incidence

matrix B assumes directed edges, is given by[35]

B :

⎧⎪⎨
⎪⎩

bil = −1 if link l ends at node i in G,

bil = 1 if link l starts at node i in G,

bil = 0 otherwise.

(7)

For a Bus Based Model (BBM) , a graph G is defined where

nodes are buses and edges are transmission lines. There is a

relationship between admittance matrix Y and the adjacency

and incidence matrices as follows:

Y = BΓBT , (8)

where B is the bus oriented incidence matrix and Γ is the

primitive admittance matrix, where Γ defined as :

Γ = [diag(γe)], (9)

where γe is the admittance of eth link .The element (i, j) of

the matrix Γ is the admittance of the ith branch of the network

G.

For undirected graphs, the signs can be assigned arbitrarily,

typically with no important implications. Obviously, the un-

oriented incidence matrix can be obtained from the oriented

incidence matrix by dropping the signs.

The adjacency matrix A ∈ {0, 1}m×m of G is defined as

[7][35]

A :

{
aij = 1 if node i shares a link with node j in G,

aij = 0 otherwise.
(10)

It can be shown that the adjacency matrix can be computed

from the oriented incidence matrix as follows [7]

A := D −BBT , (11)

where D is degree matrix. This is a diagonal matrix where dii
is the degree of node i

dii =

m∑
j=1

aij , (12)

In other word, is the number of links in G that are incident

on node i. The degree distribution P (k) is the portion of
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nodes from the graph that have a degree k [22]. For large

stochastic networks, this is the probability that a node selected

randomly has k edges. Degree distribution is useful to identify

the network type and to understand vulnerability according to

the corresponding model. For instance, the degree distribution

of a random network is a Poisson probability distribution.

The adjacency matrix AL of the corresponding line graph

G′ = L(G) can be stated in terms of the unoriented incidence

matrix C of the original graph G as [20][35]

AL = CTC − 2In, (13)

where In is the n × n matrix. Clearly it relates the edges of

the original graph. In fact, if aLij = 1, then [35]{
edges i and j in G share a node,

nodes i and j in G′ = L(G) share an edge.
(14)

C. Weighted Graph description of Power networks

To model the power system as a weighted graph G̃ weighted

BBM, the weighted adjacency matrix Ã is obtained from the

admittance matrix as follows

Ã :

⎧⎪⎨
⎪⎩

ãij = wij if node i shares a link with node j in G̃,

ãij = 0 otherwise.
(15)

where w ∈ R
m represents the weight on the edge in G̃, in this

research wij = yij represents the admittance of branch l(i, j).
To get the sum of the weights k̃ of each node adjacent edges

in G̃ we use the following :

k̃ = Ã1n. (16)

The matrix D̃ is a diagonal matrix of k̃ in (16) by using

the following

D̃ = diag(k̃). (17)

We define weighted unoriented incidence matrix C̃ based

on G̃ as follows :

C̃ :

{
cwil = wij if link l is incident on node i in G̃,

cwil = 0 otherwise.
(18)

where link l(i, j) is adjacent to node i and node j.

According to [20] the equivalent Naive adjacency matrix for

weighted line graphs is derived as following :

Ẽ = C̃T D̃−1C̃, (19)

where C̃T is the transpose of the weighted incidence matrix

C̃ in (18) .

The weighted line graph is characterized by the Naive

adjacent matrix Ẽ ; they can be calculated using (19) .

These equivalent matrices called Naive because it possess self-

loops, which can be eliminated by removing non-zero diagonal

components. To eliminate self-loops, Yoshida [20] suggests

dispersing the non-zero diagonal components of the original

matrix, for instance Ẽ, although, it should be noted that some

properties are preserved. To calculate the transformed matrix,

the vector e comprises the diagonal elements of Ẽ as the

following:

e = (diag(Ẽ)), (20)

the DE matrix is a diagonal matrix with e as elements as

follows:

DE = diag(e), (21)

the matrix Ẽ1 comprises the off-diagonal elements of Ẽ as

follows:

Ẽ1 = Ẽ −DE , (22)

and ẽ includes the sum of off-diagonal elements of each row

as follows:

ẽ = Ẽ11n. (23)

Let F̃denotes the weighted line graph adjacancey without

self loops then accordingly

F̃ = Ẽ1 +D1/2
E diag(ẽ)−1/2Ẽ1diag(ẽ)−1/2D

1/2
E (24)

Note that ẽ a characteristics of transmission lines, and F̃ is

the equivalent for G′ of Ã for G̃. From this point onwards,

the Line-Graph Based Model (LGBM) is represented by the

weighted adjacency in (24). The description represents of the

power grid in terms of G is referred to as a Bus-Based Model

(BBM), while the description in terms on the line graph G′

is referred to as a Line-Graph Based Model (LGBM) [35].For

the weighted LGBM we denoted as G̃′ .

III. COMPUTING GRAPH THEORTIC METRICS FOR

BBM AND LGBM

It should be noted that our evaluation of robustness metrics

for the power system has been based on static conditions. In

the simulation of failures, the time-aspect cannot be taken

into account. For example, nodes or links have only two

states: functioning or non-functioning, and if a node or link

is removed, as no new nodes / links are added, it remains

removed. Robustness is therefore determined by the number

of nodes or links removed.

Although the effect of flows through the network were be-

yond the scope of this study, future research could investigate

the effects of flows. For example, for networks with limited

power flow capacity, the consequences of a sole failure could

be disastrous. Additionally, when a link or node is removed,

power flow is redirected to alternative routes; redirection could

cause overloading and the breakdown of other nodes or links.

These failures could cause an increase in power flow and

possibly generate other insecure events or even cascading

failures.
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Fig. 1. Robustness metrics for IEEE test cases BBM and LGBM.

In our analysis of robustness measurements, we considered

IEEE test cases of 30, 57, 118 and 300 buses. Fig. 1 visualize

the robustness of BBM and LGBM vs. the size . Note that

BBM shows better robustness comparing than LGBM , it

means removing transmission is worse than removing buses.

IV. PREDICT RESILIANCE OF BBM AND LGBM

BASED ON SFRE

A. Definition of SFRE

One of metrics that measure the resilience of the network is

Sum of Flow Robustness based on Degree centrality (SFRD),

which presented in [12], quantifies the reliable flows remaining

after the attack. with Sum of Flow Robustness as illustrated

in the Fig. 2. In this paper we use Eigenvalue centrality,

in which the node with highest centrality is removed. The

eigenvector centrality attack targets the node through which

is the highest influence in the network. If the attack requires

removing multiple nodes, centrality metrics are recomputed

upon attacking each node. Sum of Flow Robustness based on

Eigenvalue centrality (SFRE) captures resilience of a given

network against eigenvalue -based attack.

Fig. 2. Algorithm for Computing SFRD in BBM.

B. Prediction Resilience using SFRD and SFRE

We applied linear regression to calculate the precision of

each graph’s prediction of the power system’s resilience. The

Pearson correlation coefficient (ρ) indicates the extent to which

there is linear correlation between two variables. If ρ is

equal to 1 there is a perfect direct correlation, if it is -1,

there is a perfect inverse correlation, and this value tends

to 0 when no linear correlation is evident[27][29][30]. The

original network (BBM) and the line-graph based network

(LGBM) were analyzed using the measurements presented in

Section III. Additionally, the sum of flow robustness towards

degree attack (SFRD) and the sum of flow robustness towards

eigenvalue attack (SFRE) estimated graph resilience to node

attack. When ρ was used as a measure of accuracy to for the

predictions of resilience measures SFRD and SFRE, it became

evident that the number of average path length l for BBM

had the highest values of accuracy overall (ρ(L,SFRD)=0.999

and (ρ(L,SFRE)=0.997. This metric retained high values for

LGBM ρ(L,SFRD)=0.9845 and ρ(L,SFRE)=0.9928), how-

ever, the LGBM radius R demonstrated the highest correla-

tions ρ(R,SFRD)=0.9893 and ρ(R,SFRE)=0.9931. Considering

BBM, the diameter D was the second most predictive of

SFRD and SFRE (ρ=0.9980, and ρ=0.9870, respectively). The

LGBM also demonstrated high correlations with SFRD and

SFRE (ρ=0.9845 and ρ=0.9928, respectively). Additionally, it

is noted that As for LGBM had the lowest correlation with

SFRD and SFRE ρ =0.36, and ρ=0.38, respectively), and for

BBM, that the variance evident in the average degree metric

< k >, indicates low accuracy. Furthermore, results demon-

strated strong, inverse correlations for both effective graph

resistance R and algebraic connectivity λ2 with (ρ(X, SFRD)

and (ρ(X, SFRE). In addition to accuracy metrics, network

criticality placed second highest in the ranking of resilience

measures (BBM = 0.97; LGBM = 0.87), as illustrated in in

Tables II and III respectively.
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TABLE I
RANKING OF BEST PREDICTORS METRICS OF RESILIENCE IN

UNWEIGHTED NETWORKS

Ranking BBM LGBM
SFRD SFRE SFRD SFRE

1 l̄ l̄ D,R̄ L
2 D D l̄ D,R̄
3 R̄ L L l̄
4 L R̄ τ τ
5 τ τ R R
6 λ2 λ2 λ2 λ2

7 R R < k > < k >
8 CC CC CC CC

TABLE II
ROBUSTNESS AND RESILIENCE PREDICTION OF BBM

BBM 30 57 118 300 ρ(X, SFRD) ρ(X, SFRE)

N 30 57 118 300 - -

L 41 78 179 409 0.9796 0.9737

l̄ 3.30 5.09 6.58 10.07 0.9991 0.9970

D 6 12 14 24 0.9980 0.9870

R̄ 4 7 7 13 0.9829 0.9585

R 0.0386 0.0164 0.0069 0.0016 -0.8911 -0.9143

τ 1.7274 2.1421 2.4492 4.2404 0.9777 0.9581

CC 0.235 0.122 0.165 0.086 -0.8509 -0.8201

λ2 0.2121 0.0924 0.0282 0.0094 -0.8763 -0.9053

< k > 2.73 2.74 3.03 2.73 0.0399 0.1418

As -0.0868 0.2432 -0.1526 -0.2206 -0.4833 -0.5246

SFRD 2.7402 5.6629 7.4200 12.6735 1 0.9946

SFRE 2.7264 11.4073 19.9577 33.8348 0.9946 1

TABLE III
ROBUSTNESS AND RESILIENCE PREDICTION OF LGBM

LGBM 30 57 118 300 ρ(X, SFRD) ρ(X,SFRE)

N 41 78 179 409 - -

L 100 170 509 1062 0.9792 0.9981

l̄ 3.063 4.630 6.040 9.360 0.9845 0.9928

D 7 11 15 23 0.9893 0.9931

R̄ 4 6 8 12 0.9893 0.9931

R 0.0540 0.0187 0.0092 0.0023 -0.8636 -0.7997

τ 0.9040 1.3687 1.2090 2.1206 0.8665 0.9085

CC 0.530 0.389 0.509 0.538 0.3943 0.4400

λ2 0.2937 0.1014 0.0367 0.0113 -0.8605 -0.7910

< k > 4.88 4.36 5.69 5.19 0.5737 0.5026

As 0.4045 0.6323 0.4466 0.5937 0.3597 0.3797

SFRD 6.210 16.599 37.518 57.704 1 0.9876

SFRE 9.818 20.422 46.161 88.657 0.9876 1

Where :

N Number of Nodes τ Network criticality

L Number of Lines CC Clustering coefficient

l̄ Average shortest path length R Effective graph resistance

D Diameter λ2 Algebraic connectivity

R̄ Radius < k > Degree

For a complete description see the Appendix

V. TO PREDICT RESILIANCE OF BBM AND LGBM

BASED ON ELECTRICAL WEIGHTED NETWORKS

A. Weighted networks Prediction Resilience using SFRD and
SFRE

In this section we reproduce section IV using weighted

network in G̃ and G̃′. When � was used as a measure

of accuracy to for the predictions of resilience measures

SFRD and SFRE, it became evident that the number of

CC for weighted BBM had the highest values of accu-

racy overall ρ(CC,SFRD)=0.995 and ρ(CC,SFRE)=0.995.

This metric retained the lowest values for weighted LGBM

(ρ(CC,SFRD)=0.6380 and ρ(CC,SFRE)=0.6896) because of

the shared buses in LGBM, however, average path length

l̄ demonstrated the highest correlations ρ(l̄,SFRD)= 0.9988

and ρ(l̄,SFRE)=0. 0.9998. Considering BBM, the average

path length l̄ was the second most predictive of SFRD and

SFRE (ρ=0.9724, and ρ=0.9761, respectively). The LGBM

demonstrated average node degree < K > as second high

correlations with SFRD and SFRE (ρ=0.9905and ρ=0.9975,

respectively). Additionally, it is noted that Network criticality

� for BBM had the lowest correlation with SFRD and SFRE

(ρ =0.9608, and ρ=0.9652, respectively), as illustrated in in

Tables V and VI respectively.

TABLE IV
RANKING OF BEST PREDICTORS METRICS OF RESILIENCE IN

WEIGHTED NETWORKS

Ranking BBM LGBM
SFRD SFRE SFRD SFRE

1 CC CC l̄ l̄
2 λ2 l̄ < k > < k >
3 l̄ < k > λ2 τ
4 < k > λ2 τ λ2

5 R,τ R R R
6 τ CC CC

TABLE V
RANKING OF BEST PREDICTORS METRICS OF RESILIENCE

WEIGHTED NETWORK

BBM 30 57 300 ρ(X,SFRD) ρ(X,SFRE)
N 30 57 300 - -
l̄ 38.195 83.0468 773.157 0.9724 0.9761
R 0.163 0.0748 1.79E-14 -0.9608 -0.9561
τ 0.4091 0.4688 6.208 0.9608 0.9652

CC 0.0682 0.0592 0.0343 -0.9995 -0.9999
λ2 0.6714 0.3468 -2.17E-14 -0.9771 -0.9734

< k > 20.53 25.8213 117.49 0.971 0.9748
SFRD 2.74 5.66 12.673 1 0.9999
SFRE 2.73 11.4 33.835 0.9999 1

TABLE VI
ROBUSTNESS AND RESILIENCE PREDICTION OF WEIGHTED

LGBM

LGBM 30 57 300 ρ(X,SFRD) ρ(X,SFRE)
N 41 78 409 - -
l̄ 10.0474 26.9553 120.169 0.9988 0.9998
R 0.1016 0.0478 0.0012 -0.9312 -0.9044
τ 0.4804 0.5235 3.9318 0.9836 0.9936

CC 0.2987 0.25 0.3259 0.6389 0.6896
λ2 0.4364 0.2925 0.0021 -0.9903 -0.9786

< k > 26.9302 33.796 140.4022 0.9905 0.9975
SFRD 6.21 16.6 57.7 1 0.9977
SFRE 9.82 20.42 88.66 0.9977 1

VI. CONCLUSIONS

In this paper, robustness of the BBM network and the

corresponding LGBM is addressed in relation to transmission
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line vulnerability. Some of the indicators described for network

robustness include: network criticality, effective graph resis-

tance, nodal degree distribution, flow robustness and algebraic

connectivity.

This static model of the power grid was employed con-

sidering the similarity between the admittance matrix of the

system and the Laplacian matrix of the corresponding graph.

This relationship was then used for further analysis related

to transmission line vulnerability, where we apply it to the

weighted network in BBM and LGBM.

Robustness metrics were also used to measure the accuracy

of the BBM and LGM models. This enabled the prediction

of network resilience against targeted attacks on both a repre-

sentation of the model of the current power network system,

BBM, and of a theoretical LGBM. The sum of robustness flow

for degree-based attacks and eigenvalue based attacks were

employed as resilience measures.

Average path length, diameter, radius, network criticality,

and effective graph resistance demonstrated good precision for

the prediction of network resilience using the BBM graphs.

Furthermore, for high precision in predicting the resilience

of the LGBM network, average path length, diameter, and

network criticality appear to be worthwhile estimates. LGBM

is considered the most valuable contribution of this research

where it evaluates the Robustness and Resilience Prediction

Accuracy of transmission lines in the power system.

For the weighted networks clustering coefficient demon-

strated good precision for the prediction of network resilience

using the BBM weighted networks, and for average path length

was for high precision in predicting the resilience of the

LGBM weighted network .

APPENDIX

Shortest path (d) Path with least number of links or least

total weights between nodes i and j in G [28]. We define

shortest path (d) in terms of power system networks with the

the path with leaset number of tranmssion lines between buses

i and j in BBM.

Average shortest path length (l̄) The average value of the

shortest path across all possible pairs of buses on the graph

[28].

Eccentricity(ε) The largest of the shortest distances be-

tween a specific bus v and other nodes on the graph [32].

Radius (R̄ ) Represents the shortest eccentricity among

nodes on the graph [32].

Graph diameter (D) Largest eccentricity among graph

nodes [32].

Clustering coefficient (CC) Calculates the extent to which

a bus neighbors are connected in BBM [28].

Degree Number of transmission lines connected to a bus i
[32].

Fiedler eigenvalue or algebraic connectivity (λ2) The

Fiedler Eigenvalue of a graph G is defined as the second

shortest eigenvalue of the Laplacian matrix [13]. Assuming

that 0=λ1≤ λ2≤ . . .≤ λm are the eigenvalues of the Laplacian

matrix ordered from smallest to largest, then λ2 is the Fiedler

eigenvalue.

To find the Laplacian matrix K we use the following

expression :

K = D −A, (25)

where A is the adjacency matrix of G in (10 ), and D is the

degree matrix in (12).

The pseudoinverse K† of K is the matrix for which x =
K†Kx for all x in the row space of K . The nullspace of K†

is the nullspace of KT .

For the corresponding LGBM we use the following expres-

sion :

K̃ = DL −AL, (26)

where AL is the adjacency matrix of the line-graph network

(G′ ) in (13),DL is the line-graph based model degree matrix.

A property of λ2(K̃) is that it is zero if the graph is

not connected. If G is a connected graph, the algebraic

connectivity will be above zero, also, its value will be upper-

bounded by m/(m − 1) times the minimal nodal degree of

the graph. The magnitude of this metric indicates the extent

to which the overall graph is linked. If the Fiedler eigenvalue

λ2(K̃) is near zero, network detachment is imminent [14] .

Network criticality (τ ) Network criticality is a measure-

ment of network robustness to topological changes [23]. As

the criticality value decreases, network robustness increases.

τG =
2

m− 1
Trace(K†), (27)

where m is the size (number of nodes) of G and (K†) is the

pseudoinverse of of G Laplacian matrix [12].The expression

(27) of the network criticality applied to G can be translated

to G′ as the following:

τG′ =
2

n− 1
Trace(K̃†), (28)

where the superscript G
′

refers to the line graph, n is the

size (number of nodes in LGBM) of G
′

and (K̃†) is the

pseudoinverse of Laplacian matrix for G
′
.

Effective graph resistance (R) The effective resistance

of a graph, referred as R, is a metric related to a graph G
that also provides information on network strength when it

is subject to the removal of nodes or links. The greater the

effective resistant, the more robust the network [24]. RG in G
is determined using the following :

RG = m

m∑
i=2

1

λi
, (29)

which utilizes the Laplacian matrix eigenvalues.

The corresponding effective graph resistance RG′ for the

LGBM is determined using (30).
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RG′ = n

n∑
i=2

1

λ̃i

. (30)

Flow robustness (F̂) According to [12], robustness to flow

on a graph F̂G, indicates the proportion of unfailing flows

to the total amount of flows in the system. Flow robustness

values range from zero to one, where one indicates that all

nodes are able to communicate, and zero, that there is no

communication. It is said that a flow is unfailing or reliable

if even one of its connection pathways survives. For LGBM,

total combined flows is the most extreme amount of flows

n(n− 1)/2 for n transmission line .

Flow robustness utilizes the capacity of nodes in the network

to interconnect. It can be computed using the following :

F̂G =

∑k
i=1 ξi(ξi − 1)

m(m− 1)
, (31)

where ξi is the set of components in graph G . For LGBM it

can be computed using:

F̂G′ =

∑k
i=1 ξ

L
i (ξ

L
i − 1)

n(n− 1)
, (32)

where ξL represents the number of components in G′.
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